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Abstract
Unidirectionally coupled Lorenz systems in which the drive possesses a chaotic attractor and the response
admits two stable equilibria in the absence of the driving is under investigation. It is found that double
chaotic attractors coexist in the dynamics. The approach is applicable for chains of coupled Lorenz
systems. The existence of four chaotic attractors in three coupled Lorenz systems is also demonstrated.
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1 Introduction
The system of differential equations
x˙1 = −σx1 + σx2
x˙2 = −x1x3 + rx1 − x2
x˙3 = x1x2 − bx3,
(1.1)
where σ, r, and b are constants, was presented by Lorenz [1] to investigate the dynamics of the atmo-
sphere. System (1.1) is capable of exhibiting stable equilibria, periodic orbits, homoclinic explosions,
period-doubling bifurcations, and chaos with different values of σ, r, and b [2].
Extension of chaos in dynamics of unidirectionally coupled Lorenz systems in which the response
admits either a stable equilibrium point or a stable limit cycle in the absence of driving was demonstrated
in study [3]. Moreover, it was shown in paper [4] that under certain conditions chaos is present in the
dynamics of the response system even if generalized synchronization is not present. Motivated by the
results of [3] and [4], in this paper we also investigate unidirectionally coupled Lorenz systems, but this
time the response is system with two stable equilibrium points in the absence of driving. The main
purpose of the present study is the demonstration of the coexistence of multiple chaotic attractors in the
dynamics of Lorenz systems when they are coupled in a unidirectional way. The coexistence of two and
four chaotic attractors are shown.
The paper is structured as follows. In Section 2 the model of coupled Lorenz systems is introduced and
the presence of sensitivity, which is the main ingredient of chaos [1, 5], is discussed from the theoretical
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point of view. The coexistence of double chaotic attractors in the dynamics of unidirectionally coupled
Lorenz systems is demonstrated in Section 3. Section 4, on the other hand, is devoted to the coexistence
of four chaotic attractors in three coupled Lorenz systems. Finally, concluding remarks are provided in
Section 5.
2 The model
We consider the drive system in the form of (1.1) and the response system is
y˙1 = −σy1 + σy2 + µ1f1(x(t))
y˙2 = −y1y3 + ry1 − y2 + µ2f2(x(t))
y˙3 = y1y2 − by3 + µ3f3(x(t)),
(2.2)
where σ, r, b, µ1, µ2, µ3 are constants, x(t) = (x1(t), x2(t), x3(t)) is a solution of (1.1), and the functions
f1, f2, and f3 are continuous. We mainly assume that the drive system (1.1) is chaotic, i.e., it admits
sensitivity and infinitely many unstable periodic orbits embedded in the chaotic attractor, and that the
constants σ, r, b in the response system (2.2) are such that the Lorenz system
u˙1 = −σu1 + σu2
u˙2 = −u1u3 + ru1 − u2
u˙3 = u1u2 − bu3,
(2.3)
admits two stable equilibrium points.
It is worth noting that the coupled system (1.1)-(2.2) has a skew product structure. Since the drive
(1.1) is chaotic, it possesses a compact invariant set Λ ⊂ R3. Another assumption on system (2.2) is the
existence of a positive number L satisfying
‖f(x)− f(x)‖ ≥ L ‖x− x‖
for all x, x ∈ Λ, where the function f : Λ→ R3 is defined by f(x) = (µ1f1(x), µ2f2(x), µ3f3(x)) and ‖.‖
denotes the usual Euclidean norm in R3.
We call a solution x(t) of the drive (1.1) satisfying x(0) = x0, where x0 is a point which belongs to
the chaotic attractor of the system, a chaotic solution since it is used as a perturbation in (2.2). Chaotic
solutions may be irregular as well as regular, i.e., periodic and unstable [1, 2, 5].
System (1.1) is called sensitive if there exist positive numbers ǫ0 and ∆ such that for an arbitrary
positive number δ0 and for each chaotic solution x(t) of (1.1), there exist a chaotic solution x(t) of the
system and an interval J ⊂ [0,∞) with a length no less than ∆ such that ‖x(0)− x(0)‖ < δ0 and
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‖x(t)− x(t)‖ > ǫ0 for every t in J [3, 4].
For the discussion of sensitivity in the response system (2.2), we require that the system possesses a
compact invariant set U ⊂ R3 for each chaotic solution x(t) of (1.1). The existence of such an invariant
set can be shown, for instance, by means of Lyapunov functions [3, 6].
Let us denote by φx(t)(t, y0) the solution of (2.2) satisfying φx(t)(0, y0) = y0, where x(t) is a solution
of the drive (1.1) and y0 is a point in U . We say that system (2.2) is sensitive if there exist positive
numbers ǫ1 and ∆˜ such that for an arbitrary positive number δ1, each y0 ∈ U , and a chaotic solution
x(t) of (1.1), there exist y1 ∈ U , a chaotic solution x(t) of (1.1), and an interval J˜ ⊂ [0,∞) with a length
no less than ∆˜ such that ‖y0 − y1‖ < δ1 and
∥∥φx(t)(t, y0)− φx(t)(t, y1)
∥∥ > ǫ1 for all t in J˜ [3, 4].
It can be proved in a very similar way to Theorem 3.1 presented in paper [4] that the response system
(2.2) is sensitive.
The coexistence of two chaotic attractors in the dynamics of the coupled system (1.1)-(2.2) is demon-
strated in the next section, provided that the constants µ1, µ2, and µ3 are sufficiently small in absolute
value.
3 Coexistence of two chaotic attractors
In order to demonstrate the coexistence of two chaotic attractors in the dynamics of the 6-dimensional
system (1.1)-(2.2), we set σ = 10, r = 28, and b = 8/3 such that the drive system (1.1) admits a
chaotic attractor [1, 2]. Additionally, we consider the response system (2.2) with σ = 10, r = 12,
b = 8/3, µ1 = µ2 = µ3 = 0.1, and f1(x1, x2, x3) = 7.3x1 + cosx1, f2(x1, x2, x3) = 1.2x2 + 0.5 arctanx2,
f3(x1, x2, x3) = 3.5x3 + 0.9e
−x3. The points (−2
√
22/3,−2
√
22/3, 11) and (2
√
22/3, 2
√
22/3, 11) are
the stable equilibria of system (2.3) with the aforementioned choices of the parameters σ, r, and b [2].
Figure 1 depicts the projections of two chaotic trajectories of the coupled system (1.1)-(2.2) on
the y1y2y3-space. The trajectory in blue corresponds to the initial data x1(0) = −15.482, x2(0) =
−23.989, x3(0) = 26.492, y1(0) = −3.747, y2(0) = −3.493, y3(0) = 10.678, whereas the trajectory in
red corresponds to the initial data x1(0) = 13.561, x2(0) = 10.162, x3(0) = 36.951, y1(0) = 3.948,
y2(0) = 4.187, y3(0) = 11.531. Figure 2, on the other hand, shows the time series of the y3-coordinates
of these trajectories. Figure 2 (a) and (b) respectively represent the time series of the trajectory in blue
and the trajectory in red shown in Figure 1. Both Figure 1 and Figure 2 manifest that double chaotic
attractors coexist in the dynamics of the coupled system (1.1)-(2.2).
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Figure 1: Chaotic trajectories of the 6-dimensional system (1.1)-(2.2). The figure reveals the coexistence
of two chaotic attractors.
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Figure 2: Time series of the y1 coordinates of two chaotic solutions of the coupled system (1.1)-(2.2).
(a) The time series corresponding to the initial data x1(0) = −15.482, x2(0) = −23.989, x3(0) = 26.492,
y1(0) = −3.747, y2(0) = −3.493, y3(0) = 10.678; (b) The time series corresponding to the initial data
x1(0) = 13.561, x2(0) = 10.162, x3(0) = 36.951, y1(0) = 3.948, y2(0) = 4.187, y3(0) = 11.531.
4 Coexistence of four chaotic attractors
In this section we will show the coexistence of four chaotic attractors in three coupled Lorenz systems.
For that purpose, in addition to the coupled system (1.1)-(2.2), we set up the system
z˙1 = −10z1 + 10z2 + 0.19y1(t)
z˙2 = −z1z3 + 3.6z1 − z2 + 0.23y2(t)
z˙3 = z1z2 −
8
3
z3 + 0.14y3(t),
(4.4)
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where y(t) = (y1(t), y2(t), y3(t)) is a solution of (2.2). Considering the coupling between the systems
(2.2) and (4.4), system (2.2) is the drive and system (4.4) is the response. The parameters of system
(4.4) are such that the system possesses two stable equilibrium points in the absence of the driving, that
is, the Lorenz system
v˙1 = −10v1 + 10v2
v˙2 = −v1v3 + 3.6v1 − v2
v˙3 = v1v2 −
8
3
v3
(4.5)
admits the stable equilibrium points (−
√
104/15,−
√
104/15, 13/5) and (−
√
104/15,−
√
104/15, 13/5)
[2].
We again set σ = 10, r = 28, b = 8/3 in system (1.1), and σ = 10, r = 12, b = 8/3, µ1 = µ2 = µ3 =
0.1, f1(x1, x2, x3) = 7.3x1+cosx1, f2(x1, x2, x3) = 1.2x2+0.5 arctanx2, f3(x1, x2, x3) = 3.5x3+0.9e
−x3
in system (2.2) as in Section 3. Figure 3 shows the projections of four chaotic trajectories of the
9-dimensional system (1.1)-(2.2)-(4.4) on the z1z2z3-space. Moreover, we represent in Figure 4 the
projections of the same chaotic trajectories on the z2z3-plane. The color of each of the trajectories
depicted in Figure 3 is the same with the color of its counterpart shown in Figure 4. The initial data of
these trajectories are provided in Table 1. The simulation results shown in Figures 3 and 4 reveal that
four chaotic attractors coexist in the dynamics of the 9-dimensional system (1.1)-(2.2)-(4.4).
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Figure 3: Projections of four chaotic trajectories of the 9-dimensional coupled Lorenz systems (1.1)-
(2.2)-(4.4) on the z1z2z3-space. The initial data of the trajectories are provided in Table 1. The figure
confirms the coexistence of four chaotic attractors in the dynamics.
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Figure 4: Projections of four chaotic trajectories of the 9-dimensional system (1.1)-(2.2)-(4.4) on the
z2z3-plane.
Table 1: Initial data of the trajectories represented in Figures 3 and 4.
x1(0) x2(0) x3(0) y1(0) y2(0) y3(0) z1(0) z2(0) z3(0)
Trajectory in blue −4.874 −0.221 29.059 −4.812 −3.892 11.912 −2.594 −2.461 3.136
Trajectory in red 1.436 2.501 16.269 4.278 4.565 10.058 2.579 2.484 3.065
Trajectory in green 4.969 6.963 18.602 4.838 3.498 12.779 −1.853 −1.961 2.008
Trajectory in black 4.537 5.098 21.273 −4.409 −4.884 10.654 1.949 2.034 2.024
5 Conclusions
In this study we demonstrate under certain conditions that two chaotic attractors coexist in the dynamics
of unidirectionally coupled Lorenz systems. High dimensional systems with multiple chaotic attractors
can be obtained by applying the same type of coupling provided in Section 2 to chains of Lorenz systems,
and an example of a 9-dimensional system possessing four chaotic attractors is revealed in Section 4.
This is the first time in the literature that the coexistence of four chaotic attractors is obtained.
Global unpredictable behavior of the weather dynamics is one of the subjects associated with our
results. An effort was made in study [3] to answer the question why the weather is unpredictable at each
point of the atmosphere on the basis of Lorenz systems. The whole atmosphere of the Earth was assumed
to be partitioned in a finite number of subregions such that the dynamics of each of them is governed by
a Lorenz system with certain coefficients. Considering sensitivity as unpredictability of weather in the
meteorological sense, it was further assumed in [3] that there are subregions whose corresponding Lorenz
systems admit chaos with the main ingredient as sensitivity and subregions whose corresponding Lorenz
systems are non-chaotic. The cases of one stable equilibrium point and stable limit cycle were taken into
account for the non-chaotic ones. It was deduced that if a subregion with a chaotic dynamics influences
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another one with a non-chaotic dynamics, then the latter also becomes unpredictable.
One can confirm that the results of this paper are complementary to the discussions mentioned in
[3] such that if the corresponding Lorenz system of a subregion with a non-chaotic dynamics possesses
two stable equilibrium points, then that subregion will become unpredictable under the influence of a
chaotic subregion and two chaotic attractors may take place in the dynamics. Moreover, considering
further interactions between chaotic and non-chaotic subregions, multiple chaotic attractors may occur
depending on the number of stable equilibrium points of the Lorenz systems corresponding to non-chaotic
subregions. These inferences may be helpful for analyzes on the complex dynamics of the atmosphere.
Our results may also be used as tools in secure communication [7] and for designing coupled Lorenz
lasers [8, 9] possessing multiple chaotic attractors.
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